Abstract. We consider the relations between different measures of complexity for free homotopy classes of curves on a surface Σ, including the minimum number of self-intersections, the minimum length of the words representing them in a geometric presentation of π 1 (Σ), and the minimum degree of the coverings of Σ to which they lift as embeddings.
Introduction
In this paper we explore the relations between some 'measures of complexity' for the free homotopy classes of immersed curves on a surface Σ. Among the many possible ways to measure complexity, we consider
• The minimum number of self-intersections among the curves in the class α, denoted by i(α).
• The minimum length of a word representing α among all the 'standard' presentations of π 1 (Σ), denoted by l(α).
• The minimum number of times that a the class α crosses a fundamental region for Σ, for all the possible fundamental regions of Σ, denoted by n(α).
• The minimum number of crossings between α and all the essential curves in Σ, denoted by m(α).
If follows from a celebrated theorem of Scott [7] that each immersed curve with minimal selfintersections on a surface Σ lifts as an embedded curve to some covering of Σ of finite degree. Thus, it is natural to define
• The minimum degree of a covering of Σ to which α lifts as a closed embedded curve, denoted by d(α).
Another theorem, due to Hempel [3] , and also a consequence of Scott's more general result, states that all surface groups are residually finite, i.e., that for each element of π 1 (Σ) there is a a finite index subgroup that does not contain it, which is equivalent to saying that for each homotopy class of curves α in Σ there is a finite covering to which α does not lift. Similarly to the previous measure, we define
• The minimum degree of a covering of Σ to which α does not lift, denoted by r(α).
In [5] , Patel obtained a bound for d(α) in terms of the length of some hyperbolic geodesic in the class α and in [1] that result was used to show that d(α) ≤ c · i(α), for some c that depends on the topology of Σ (assuming that χ(Σ) < 0 and that α is nonsimple). In [6] , Rivin asked whether it is possible to bound d(α) in terms of i(α) alone. The main result of this paper, proved in chapter 2, is the following:
Theorem. For each homotopy class α on an orientable surface Σ, d(α) < 5(i(α) + 1).
As a by-product of the proof of the previous result we obtain:
Corollary. For each homotopy class α on an orientable surface Σ, r(α) ≤ max{3, i(α)} if α = 0 in H 1 (Σ), and r(α) ≤ 5(i(α) + 1) otherwise. The geometric presentations of π 1 (Σ) are those obtained by cutting Σ along a graph to get a polygonal disc, and have one generator for each edge of the graph and one relation for each vertex in the interior of Σ. We define n(α) as the minimum length of the words in the conjugacy class of α among all these geometric presentations of π 1 (Σ). It is immediate that n(α) equals the minimum number of times that a curve in the class α crosses a fundamental region for Σ. The standard presentations of π 1 (Σ) are geometric presentations with a minimum number of generators and at most one relator. They arise from graphs that have just one vertex if Σ is closed or consist of disjoint arcs if Σ has boundary and are the most commonly studied presentation for π 1 (Σ), which is why it makes sense to define l(α) as the minimum word length in each class α taken among these presentations.
Theorem. If α is a free homotopy class of curves on a surface Σ then n(α) ≤ i(α) + 1.
It turns out that l(α) can be much larger than n(α) and that it cannot be bounded in terms of n(α) or i(α) alone. This was one of the difficulties in proving the main result, but we show the following.
Theorem. If α is a free homotopy class of curves in a closed surface Σ then l(α) ≤ (n(α) + 2) · 2g(Σ).
The ideas of the proof allow us to give a bound for m(α), which corresponds to the minimum number of times that that a curve in a homotopy class α crosses some simple essential curve on Σ.
Theorem. If α is a free homotopy class of curves on a compact orientable surface Σ then m(α) ≤ 2 i(α) + 1.
One might expect a much better bound for m(α) in terms of i(α), but we give examples showing that m(α) can grow at least as i(α). As for other relations between the aforementioned complexity measures, it is not hard to show that i(α) ≤ 1 2 n(α)(n(α) − 1) and that this bound is sharp. Since there are curves with any number of self-intersections that lift to embeddings in coverings of degree 2, i(α) is not bounded by any function of d(α) alone. It is also clear that there is no bound for n(α) in terms of m(α).
Remark. The same measures of complexity can be used for homotopy classes of immersed arcs on a surface with boundary (either fixing their endpoints or leaving them free to move along ∂Σ).
Some questions remain. Many of the bounds given here are sharp, but the examples suggest that the bounds for d(α) and r(α) in terms of n(α) or i(α) can be improved. Is it true that d(α) ≤ 2n(α)? Is there a better bound for r(α)? It also seems natural to ask whether or not these complexity measures behave monotonously. If α is a free homotopy class of curves in Σ, then the 'subloops' of α (the classes α ′ corresponding to the subloops of a curve with minimal self-intersections in α) depend only on α. It follows that n(α
About the general structure of the paper.
Chapter 1 starts by showing that n(α), l(α) and m(α) can be obtained by considering only curves with minimal self-intersections in α. Then we prove that n(α) − 1 ≤ i(α) ≤ n(α)(n(α) − 1)/2, and show that l(α) ≤ 2n(α) − 2 if Σ is planar and α is non-simple. Then we introduce the notion of a peeling for a curve (or more generally a graph) on a surface. This notion allows us to bound l(α) in terms of n(α) and χ(Σ) and to get the bound for m(α) in terms of i(α).
Chapter 2 is mainly made up of Theorem 8 and it's proof. Although the main idea of the proof is simple (naively speaking, it follows the method of Lemma 7) the details are tricky, and it requires a careful analysis of the different cases to guarantee that our construction works in its most general setting:
We start from a graph that cuts Σ into a disc and use it to find a hierarchy for Σ, i.e., a collection of curves that cut Σ into a surface with boundary Σ ′ and a collection of arcs that cut Σ ′ into a disc. Finding a hierarchy where the arcs connect different boundary components of Σ ′ (while controlling the number of intersections with α) allows us to lift the segments of α in Σ ′ to coverings of Σ ′ that can be glued together to get a partial covering of Σ (that this is always possible follows from lemma 10). To guarantee that this partial covering can be assembled so that it yields a covering of Σ where the entire curve lifts simply, we 'double' it. Finally, we prove the corollary to the main theorem and some other bounds in the case that Σ is planar.
Intersections and word length
We can define the quantities i(α), l(α), n(α) and m(α) for fixed curves on a surface, and then define them for each homotopy class as the minimum for all the curves in that class. In order prove the inequalities relating i(α) with the other quantities for a homotopy class α it would be enough to prove the inequalities for all the curves in the class, but the inequalities for fixed curves do not always hold, and we will need to use the following lemma. Lemma 1. If α is a free homotopy class of curves in Σ, then l(α), n(α) and m(α) are attained by curves with minimal self-intersections in α.
Proof. It follows from [2] and [4] that each essential curve on a surface Σ can be cut and pasted to obtain a freely homotopic curve with minimal self-intersections, so the images of the two curves differ only in a small neighbourhood of some self-intersection points. So the number of self-intersections of the curve can be minimized without increasing its intersections with a given curve or graph on Σ.
Let's start with the relation between n(α) and i(α). It is known that if α is a curve with minimal self-intersections on the surface Σ then i(α) ≤ 1 2 n(α)(n(α) − 1). For, if n(α) = n then Σ can be cut into a disc D that is crossed by α along n arcs. As α has minimal self-intersections these arcs are embedded and intersect each other at most once, so the number of self-intersections of α, which is the number of intersections between these arcs, is at most n(n − 1)/2. Theorem 2. If α is an immersed curve on a compact surface Σ, then n(α) ≤ i(α) + 1.
Proof. For the first part we need to show that if α is a curve with n self-intersections then there exists a graph G that cuts Σ into a disc and intersects α no more than n + 1 times. Assume first that α fills Σ, so the complementary regions are discs and boundary-parallel annuli. Let G ′ be the dual graph for α in Σ, that is, G ′ has one vertex p i for each complementary region R i and one edge between p i and p j for each arc of α where R i meets R j . So G ′ intersects α once at each edge. If Σ has non-empty boundary we place the vertices of G ′ corresponding to boundary regions in ∂Σ. Since α fills Σ, G ′ ∪ α cuts Σ into small quadrilaterals that have one corner in p i , one corner in an intersection point of α and two corners in the middle points of edges of G ′ , so G ′ cuts Σ into quadrilaterals C i , C 2 , ..., C n (each formed by the 4 small quadrilaterals around an intersection point of Σ). We can glue C 1 , C 2 , ..., C s along s − 1 of its sides (which are edges of G ′ ) to obtain a single polygonal disc P that is a fundamental domain for Σ. Since P has s − 1 edges of G ′ in its interior, the boundary of P has 2(n + 1) sides (two for each remaining edge of G ′ ). Let G be the image of ∂P in Σ. Then G cuts Σ into a disc and G crosses α no more than n + 1 times. Figure 1 . A filling graph G that intersects the curve α minimally.
If α doesn't fill Σ, for each region R k that is not a disc or a boundary annulus, take curves a k,i in R k parallel to the components of ∂R k and call the sub-surface of R k bounded by these curves S k . Now α fills Σ ′ = Σ − ∪S i , and by the previous argument there is a graph G ′ in Σ ′ that cuts Σ − ∪S i into a polygonal disc P ′ and crosses α at most s + 1 times. Observe that there exist arcs b k,j in S k with endpoints in G ′ so that ∪b k,i cuts S k into a disc. So G = G ′ ∪ a k,i ∪ b k,j cuts Σ into discs and G crosses α at most n + 1 times.
Example. If an immersed curve α does not disconnect the surface Σ then n(α) = i(α) + 1. This is true because each simple curve in the image of α is an essential curve on Σ (as there is a curve that intersect it in one point). So a graph G that cuts Σ into a disc must cut the image of α into trees, so G must cross at least i(α) + 1 of the 2i(α) arcs of α determined by its i(α) intersection points. Now let's consider the relation between n(α) and l(α). By definition n(α) ≤ l(α). We claim that if Σ − α is connected then n(α) = l(α). To show this, observe that if a graph G cuts Σ into a disc and G has two or more vertices then we can connect two of them by a simple arc e in Σ − α, so G ∪ e cuts Σ into two discs, and e can be collapsed in Σ to obtain a graph G ′ that has less vertices and cuts Σ into two discs, so we can erase one edge of G ′ to obtain a graph G ′′ with less vertices than G that cuts Σ into a disc and |α ∩ G ′′ | ≤ |α ∩ G|. We can repeat the argument to obtain a graph with only one vertex, or a graph with all its vertices in ∂Σ, so l(α) ≤ n(α).
In general l(α) is larger than n(α) and it is not bounded in terms of n(α) or i(α) alone, but depends on the surface Σ. We now define another complexity measure for α which will be used to bound l(α).
If G is a graph on a surface Σ and x is a point in Σ − G, define the peeling of G from x as the graph ϕ x G obtained from G by erasing the edges that can be reached from x without crossing G, and erasing the vertices of G that lose all their edges. Observe that if Σ − G is connected then ϕ x G = ∅ for every x ∈ Σ − G (but the converse is not true). If we apply ϕ x repeatedly, then the number of components of the complement is reduced each time, so ϕ |Σ−G| x G = ∅ for every x ∈ Σ − G and there is an x for which ϕ We are interested in the case when G is the image of an immersed curve α, the definition above is necessary because applying ϕ x may transform the image of α into another type of graph.
Let p m (α) be the minimum number of times that ϕ x has to be applied to erase all of α, when x is placed on the different components of Σ − α, and, when Σ has boundary, let p o (α) be the minimum when x is placed on the components that meet the boundary.
Lemma 3. If α is an immersed curve with minimal self-intersections in
and there is a curve α ′ freely homotopic to α so that p m (α ′ ) ≤ 1 2 n(α) + 1. Proof. Let G be a graph on Σ that crosses α at n points and cuts Σ into a polygonal disc D, so α intersects D in n arcs a 1 , a 2 , ..., a n . Since α has minimal self-intersections, these arcs are embedded and intersect each other at most once, so any pair of points in D can be connected by a path that crosses each a i at most once. So ϕ n x (∪a i ) = ∅ for every x in D − ∪a i , and therefore ϕ n x (α) = ∅ for every x in Σ − α, so the first inequalities hold.
To prove the second part we will show that the arcs a 1 , a 2 , ..., a n are homotopic (fixing their end-
Figure 3.
First consider the symmetric configurations of n arcs obtained by rotating one arc (if n is odd) or two arcs (if n is even) so they all meet forming a star as in figure 3a. If we place the point x in the centre of the star then we can reach every other point in the disc by crossing at most ⌈ Not all 'complete' configurations of n arcs that meet each other have a point x like that (see figure  3b ). However, since the endpoints of the arcs in all complete configurations have the same order in ∂D, there is a homotopy of the arcs that fixes their endpoints and takes them to a configuration isotopic to a star. For the more general case of n arcs that may not all meet each other, observe that a star configuration can be cut and pasted to get a configuration where the order of the endpoints of the arcs in ∂D is prescribed arbitrarily. So any configuration of n arcs is homotopic to a configuration obtained by cutting and pasting a star configuration, and the result follows because cutting and pasting does not increase the number of steps needed for peeling.
Theorem 4. If α is a curve on a compact orientable surface Σ, then:
(
Proof. 1. Take a graph on Σ that cuts the surface into a disc and crosses α at n(α) points. Since Σ is planar the graph consists of one or more trees T 1 , T 2 , ..., T k . The boundary of a regular neighbourhood of ∪T i is a collection of properly embedded arcs a 1 , a 2 , ... that connect the boundary curves of Σ and cut it into discs, so removing any a i from each T i leaves a subcollection of arcs that cut Σ into a disc and cross α at most 2n times. If some a i crosses α twice, we can remove that a i to obtain l(α) ≤ 2n(α) − 2.
The same is true if at least two T i 's are crossed by α, since we can remove one a i that crosses α from each component. We are left with the case when only one T i crosses α and each a i crosses α at most once. Let e i , e 2 , ...e n be the edges of T i that cross α, and T i1 , T i2 , ...T in+1 be the subtrees obtained from T i by removing the edges e i , ..., e n . For each T ij consider a regular neighbourhood N (T ij ) contained in N (T i ). Take the collection formed by the arcs of ∂N (T j ) for j = i, the arcs of ∂N (T ij ) for all the T ij 's, and for each edge e i , one arc a i of ∂N (T ) containing e i . Since this collection of properly embedded arcs cuts Σ into discs and intersects α at most n times, in this case l(α) ≤ n(α).
2. Take a point x ∈ Σ − α for which ϕ pm(α) x α = ∅. Then α cuts Σ into a finite collection of compact regions R 0 , R 1 , R 2 , ... where:
• R 0 is the region that contains x.
• R 1 , ..., R i1 are the regions adjacent (along arcs) to R 0 • R i1+1 , ..., R i2 are the regions adjacent to R 1 , ..., R i1 .
• R ij +1 , ..., R ij+1 are the regions adjacent to R ij−1+1 , ..., R ij . Each R i is a disc or can be cut along arcs that end at the self-intersection points of α to get a polygonal disc P i . Now glue the P i 's to get a single polygonal disc P as follows: Start with P 0 , and for each i with i j < i ≤ i j+1 choose an arc a i of P i ∩ P i ′ for some i ′ ≤ i j and attach P i to P i ′ along a i . P is a fundamental region for Σ and the universal coverΣ is tessellated by the preimages P i of P .
By construction, for each side s j of P there is a path c j in P going from x to the middle point of s j crossing α at most p(α) times. We can assume that the paths c 1 , ..., c n are simple and intersect only at x, because if c i and c j intersect at another point y we can switch their subpaths from x to y to get paths with less intersections.
Since ∪c j cuts P into quadrilaterals, the preimage of ∪c j cuts the universal coveringΣ into discs ∆ k made of quadrilaterals surrounding a single vertex of the P i 's, and the vertices of the ∆ k 's are translates of x. The deck transformations map ∆ k 's to ∆ k 's; and only the identity maps ∆ k to itself. Therefore some finite union of adjacent ∆ k 's forms a fundamental region F for Σ. As all the vertices of F project to the same point in Σ, F has 2(2 − χ(Σ)) sides.
The length of α is one half of the number of intersections of ∂F with the preimages of α. Each side of F is the union of two c j 's, so it intersects the preimages of α at most 2p m (α) times, and F has
3. The proof for surfaces with boundary is similar to the proof for closed surfaces, except that we need to start with a point x on the boundary of Σ, so that at the end we can push all the c j 's to disjoint arcs that end in ∂Σ. Thus the bound that we get is
The following examples show that the bounds given in theorem 4 are optimal:
Example. Take a curve α in an n-punctured sphere that zig-zags around the punctures as in Example. Consider a surface Σ of genus g with a single boundary component, and take α to be the n-th power of a loop homotopic to ∂Σ. If Σ is cut along properly embedded arcs to get a disc, then each of the 2g arcs meets the boundary in two points, so it must cross α at least 2n times and so
Example. If Σ is a closed surface of even genus g and α is the n-th power of a simple loop c that splits Σ into two surfaces of genus g/2 (as in figure 5 
If α is an immersed curve on Σ, define m(α) to be the minimum number of intersections between α and an essential curve on Σ. This minimum corresponds to the intersections of α with some simple curve, and is zero if α does not cut Σ into discs. It is easy to see that m(α) ≤ n(α) and that m(α) ≤ 2p m (α). One might expect m(α) to be much smaller than n(α), but the examples below show that m(α) can be as large as 1 2 n(α). We now want to bound m(α) in terms of i(α). Lemma 5. If α is a curve on a surface Σ, then m(α) ≤ 2 i(α) + 1.
Proof. We can assume that α cuts Σ into a collection of discs, since otherwise m(α) = 0. We will show that if all the essential curves in Σ intersect α at least m times then Σ − α has at least
The universal covering Σ is tessellated by the disc regions cut by the lines above α. Define the distance between two regions in Σ as the number of times that one has to cross the lines above α to go from one region to the other. Since any essential curve on Σ crosses α at least m times, the regions at distance at most
from R project to different regions in Σ. The regions at distance t from a region R touch each other only along vertices, and for t > 1, the union of the regions at distance t and t − 1 from R is an annulus. We now count the number of regions in these annuli when R is crossed by a line l that projects to a curve c in Σ that crosses α m times.
The line l crosses two regions R ′ and R ′′ at distance t from R. R ′ and R ′′ are connected by two chains of regions that go around R alternating between distance t and t − 1 from R. If t ≤ m−1 2 , each of these chains must contain at least 2t + 1 regions, as otherwise we could replace an arc of c by a homotopic arc that crosses less regions, and obtain a curve that crosses α less than m times. Since the two chains have only R ′ and R ′′ in common, together they contain at least 4t distinct regions, and since they alternate between distance t and distance t − 1 from R, the number of regions at distance t from R is at least 2t. Now the function r(t) that counts the number of regions at distance at most t from R satisfies r(t) − r(t − 1) ≥ 2t and r(1) ≥ 3 so r(t) ≥ t 2 + 2 for t ≤ m−1
2 + 2 and we are done. If m is even, the regions at distance t = m/2 from R may not project to different regions of Σ − α, but we claim that at least m/2 of those regions do so, and therefore |Σ − α| ≥ r(
To prove the claim, observe that the two regions crossed by l at distance m/2 from R project to the same region of Σ − α, and they are joined by 2 chains of regions at alternating distances m/2 and m/2 − 1 from R. Since no essential curve on Σ intersects α less than m times, these chains have length at least m + 1, and the regions of any subchain of length n must project to different regions of Σ − α, and half of the regions are at distance m/2 from R.
Example. Figure 7a . shows a filling curve α with m(α) = 1 and i(α) = 3, so n(α) = 4. Figure 7b . shows a curve γ with m(γ) = 2 and i(γ) = 3, so n(γ) ≤ 4. Both α and γ have minimal self-intersections. The powers of γ satisfy m(γ n ) = 2n, n(γ) ≤ 4n and i(γ n ) = 3n 
Bounds regarding covering spaces
Now we want to find estimates for the minimum degree d(α) of a covering to which a curve α lifts as an embedded curve, and the minimum degree r(α) to which α does not lift as a closed curve.
Lemma 6. If a curve α on a surface Σ lifts to an embedding on a covering Σ and α is freely homotopic to a curve α ′ by a homotopy that does not add intersections, then α ′ also lifts to an embedding on Σ.
Proof. The free homotopy from α to α ′ lifts to a free homotopy from the embedded curve α to a curve α ′ in Σ. If α ′ is not an embedding then there is a subloop α ′ 1 of α ′ that lifts to a subloop of α ′ . As the homotopy from α ′ to α does not remove any intersections, α ′ 1 is freely homotopic to a subloop α 1 of α. As α ′ 1 lifts to a closed loop in Σ then α 1 also lifts to a closed loop, so α is not an embedding, a contradiction.
The following result from [7] shows that if α is a curve with minimal self-intersections on a surface with boundary then d(α) ≤ l(α).
Lemma 7. Let Σ be a surface with boundary and let µ 1 , µ 2 , ..., µ k be disjoint embedded arcs that cut Σ into a disc D. If α is a curve or an arc with minimal self-intersections in Σ, then there is a covering of Σ of degree at most |α ∩ ∪µ i | (if α is a curve) or at most |α ∩ ∪µ i | + 1 (if α is an arc) to which α lifts as an embedding.
Proof. If α is a curve then it crosses D along |α ∩ ∪µ i | subarcs, and if α is an arc then it crosses D along |α ∩ ∪µ i | + 1 subarcs. As α has minimal self-intersections, these subarcs α 1 , α 2 , ... are simple and intersect each other in at most 1 point. Let µ Remark. In the proof above it is not necessary to go up to a new D j every time that α crosses an arc µ i . If a simple subarc of α crosses the µ i 's in a sequence µ σs is , ..., µ σs it , where µ is+1 , ..., µ it−1 are different from µ is and µ it , and µ σs is = µ −σt it , then one can remain at the same D j at the intermediate µ ij 's and go up only at µ is and µ it and we still get a simple arc or curve on Σ that projects to α.
Example. Take a 4n-gon P and n arcs α 1 , α 2 , ..., α n in P joining opposite even sides. Identify the even sides of P in pairs to obtain a surface with boundary Σ, and choose the pairings so that the α i 's merge into a single closed curve α. P is a fundamental region for Σ, so every covering can be obtained by gluing copies of P . Since all the α i 's intersect each other, to undo the self-intersections each α i must lift to a different copy of P , therefore for this example d(α) ≥ n ≥ l(α).
Proposition 8. If α is a curve with minimal self-intersections on a planar surface Σ, then d(α) ≤ n(α).
Proof. If Σ is planar, then the graph on Σ that cuts it into a disc and crosses α at n(α) points is a collection of trees T 1 , T 2 , ...T k that connect the boundary curves of Σ. We want to replace these trees by a collection of disjoint, properly embedded arcs λ 1 , λ 2 , ..., λ r that cut Σ into a surface Σ ′ and a collection of disjoint, properly embedded arcs µ 1 , µ 2 , ..., µ s in Σ ′ that cut Σ ′ into a disc. We need the following.
Claim. Every tree is a union of vertex-disjoint paths λ 1 , λ 2 , ..., λ r and edge-disjoint paths µ 1 , µ 2 , ..., µ s where each λ i joins vertices of degree 1 and each µ k joins some λ i to another λ j or a vertex of degree 1.
To prove the claim, it is enough to show that in each tree T there exist vertex-disjoint paths λ 1 , λ 2 , ..., λ r that start and end at the vertices of degree 1 and contain all the vertices of degree larger than 2. We will proceed by induction on the number of vertices of T , showing also that one can choose a vertex of degree 1 arbitrarily to belong or not to the paths. For v ≤ 3 the result is immediate. Now assume the result holds for all trees with less than v vertices. Take a tree T with v vertices and cut it at a vertex p of degree g > 1 to obtain trees T 1 , ..., T g so that p has degree 1 in each T i . Since each T i has less vertices than T , by the inductive hypothesis we can choose paths in T 1 , T 2 and T 3 , ..., T g so that p belongs to the paths in T 1 , T 2 but not to the paths in the rest of the trees. Then, going back to T , we can take the paths in the smaller trees, gluing the two paths that contain p, to obtain disjoint paths with the required conditions.
By the previous claim, each tree T k is the union of paths λ i joining vertices of degree 1 and paths µ j that join λ i 's with other λ i 's or with vertices of degree 1. Let Σ ′ be the surface obtained by cutting Σ along the λ i 's and let α 1 , α 2 , ...α k be the arcs of α in Σ ′ . By lemma 7, for each α k there is a covering Σ k of Σ ′ to which α k lifts as an embedded arc α k and the degree of the covering is the number of times that α k crosses ∪µ i plus 1. If we glue the surfaces Σ k pairing the arcs in their boundaries above the two copies of each λ i in Σ ′ we always get a covering of Σ. To get a covering where α lifts as a closed embedded curve it is enough to glue the arc of ∂Σ k where α k ends with the arc of ∂Σ k where α k+1 starts for each k, and then glue the remaining arcs with corresponding arcs in any way. The degree of this covering is the number of times that α crosses the µ i 's plus the number of α k 's, which is the number of times that α crosses the λ i 's. Now we want to find a bound for d(α) in terms of l(α) for all closed surfaces and a bound in terms of n(α) for all surfaces. For this we first need to transform the graph G that crosses α at n(α) points into a hierarchy for Σ.
Lemma 9. If a graph G cuts a compact surface Σ into a disc, then there is a family of disjoint embedded curves λ 1 , λ 2 , ..., λ r that cut Σ into a surface Σ ′ and a family of disjoint embedded arcs µ 1 , µ 2 , ..., µ s in Σ ′ that connect different components of ∂Σ ′ and cut Σ ′ into a disc, so that if α is a curve on Σ then
Proof. We can assume that the vertices of G have degree at most 3, because we can split the vertices of larger degree without changing the complement of G or its intersections with α.
Suppose first that Σ is closed. Let G ′ be a maximal subgraph of G, whose connected components have planar neighbourhoods and have no separating edges. So an arc in N (G ′ ) that crosses G ′ once connects different component of ∂N (G ′ ). Observe that G cannot have any cycle c disjoint from G ′ , since N (c) would be planar and disjoint from N (G ′ ), and G ′ ∪ c would satisfy the given conditions. It follows that each connected component of G − G ′ is a tree, and each path p in G − G ′ connects different components of ∂N (G ′ ), as otherwise G ′ ∪p would have a planar neighbourhood and no separating edges.
For each component C i of G ′ , remove a boundary curve from N (C i ) and connect the remaining boundary curves by short arcs that cross N (C i ). Then N (C i ) deformation-retracts to the union of these curves and arcs, which we call λ i1 , λ i2 , ... and ν i1 , ν i2 , ... respectively. Let Σ ′ be the surface obtained by cutting Σ along the λ ij 's for all components of G ′ . As each component T j of G − G ′ in Σ ′ is a tree, and each path of T j connects different components of ∂Σ ′ , then the arcs of ∂N (T i ) − ∂Σ ′ connect different components of ∂Σ ′ . If we remove one of these arcs then N (T i ) deformation-retracts to the union of the remaining arcs (which we call µ i1 , µ i2 , ...). So the union of all the ν ij 's and the µ j l 's for all the components of G ′ and G − G ′ cuts Σ ′ into a disc. Now suppose that Σ has boundary. Then we can deform G to a graph that touches each boundary component at one point, without changing its complement or the number of intersections with α. For, if two edges of G end at the same boundary curve, then we can slide the end of one edge along the curve until it reaches the other edge (see figure 9) . The same construction for the closed case works: G ′ does not touch the boundary because it does not have separating edges, so the boundary of Σ ′ consists of curves of ∂Σ ′ and curves of ∂N (G ′ ), and the trees that form G − G ′ connect different boundary curves of Σ ′ as G only touches each component of ∂Σ once. Figure 8 . From the graph G to a hierarchy for Σ.
Lemma 10. Let Σ be an orientable surface and {µ 1 , µ 2 , ..., µ k } a collection of properly embedded arcs on Σ that connect different components of ∂Σ and cut Σ into a disc. If α is an arc on Σ that has minimal self-intersections and cannot be homotoped into ∂Σ, then there is a covering Σ of Σ of degree at most |a ∩ ∪µ i | + 2, where α lifts as an embedded arc α with the following property: (*) α connects two different components of ∂ Σ that project with degree 1 to ∂Σ.
Proof. Let c and c ′ be the boundary curves of Σ where α starts and ends (c may be equal to c ′ ). If α does not cross any µ i 's then α is a simple arc. If c = c ′ then α satisfies condition (*) and we can take Σ = Σ. If c = c ′ and α does not separate Σ then there is a curve that crosses α once, so pasting two copies of Σ cut along that curve we get a double covering of Σ to which α lifts as an embedding satisfying (*). If c = c ′ and α separates Σ then each component of Σ| α has at least two boundary curves (otherwise it would have positive genus and would have to be crossed by some µ j , but these arcs cannot have both endpoints in c and so they would have to cross α). Then there is an arc that crosses α at one point and connects boundary components of Σ different from c, so pasting two copies of Σ cut along that arc we get a double covering of Σ to which α lifts as an embedding satisfying (*). Now let's assume that α crosses some µ i 's. Applying directly the construction in lemma 7 may not work, because α may start by wrapping around c, or end by wrapping around c ′ as in figure 9a, so going up or staying at the same level at every µ i may force the boundary curve of Σ above c to wrap around c or c ′ more than once. To avoid this, start by unwrapping the two ends of α, doing a sequence of triangle moves that remove intersections of α with some µ j 's, as in figure 9b. These triangle moves do not add self-intersections to α, and can only remove self-intersections when a triangle formed by the initial and final arcs of α and an arc of ∂Σ is removed. Observe that if there is a covering of Σ where the modified arc α ′ lifts as an embedding α ′ satisfying condition (*), then α ′ can be isotoped back to α and α will be isotopic Figure 9 . Unwrapping the beginning of a.
by triangle moves to α ′ . So α satisfies condition (*) and α is an embedding because a triangle move of α can create a self-intersection of α only when the initial and final arcs of α can form a triangle with an arc of ∂ Σ, which can only happen if α starts and ends at the same boundary curve, contradicting condition (*). Now let µ be the signed sequence of crossings along α. We build the covering of Σ as in lemma 7, taking r + 1 copies of Σ| ∪µ1 and gluing them along the µ i 's crossed by α, identifying the arc µ σj ij ,j at level j with the arc µ −σj ij ,j+1 at level j + 1. All the other arcs µ ± k,j are free, i.e., they are not identified (yet) with other arcs µ ∓ k,j ′ . We need to show that these identifications can be made so that the boundary curves where the lifting of α starts and ends are different and project to c and c ′ with degree 1.
If µ i1 does not touch c, then the arcs µ ± j,1 are free for all the µ j 's that touch c, so if we identify all these µ − j,1 with µ + j,1 we get a curvec that stays at level 1 and covers c once. If µ i1 touches c, the direction in which α crosses µ i1 determines a direction for c. Label the µ j 's that touch c cyclically in this direction as µ 0 , µ 1 , ..., where µ i1 = µ 1 , and assume that c crosses them with positive signs. Observe that the initial point p of α i does not lie in the interval of c between µ 0 and µ 1 , otherwise we could unwind α and remove its intersection with µ 1 .
As µ If µ ir touches c ′ , the direction in which α crosses µ ir determines a direction for c ′ . Label the µ j 's that touch c ′ cyclically in that direction as µ r , µ r+1 , ..., so that µ ir = µ r , and assume that c ′ crosses them with positive signs. Observe that the final point p ′ of α does not lie in the interval of c ′ between µ r and µ r+1 .
If k ≤ r then the only arc identified so far at the level k + 1 is µ − r,r+1 and all the other arcs µ
are free, therefore we can identify µ Remark. The previous proof starts by gluing |α ∩ ∪µ i | + 1 copies of the surface Σ| ∪µi along the µ i 's crossed by α, going up to a new copy at each of them. It may be possible to get an embedded arc α going up or down or staying at the same copy when crossing the µ i 's by using less copies of Σ| ∪µi , but it is not clear that one can complete the construction of a covering with condition (*) by adding just one more copy of Σ| ∪µi . However, if only one µ i is glued at the first and the last levels then it can be done by adding 2 more copies of Σ| ∪µi : Since only the arc µ 1,1 + is identified at the level 1 and only the arc µ − r,r+1 is identified at the level s + 1, then we can identify µ Theorem 11. If α is a curve with minimal self-intersections on an orientable surface Σ, d(α) < 5n(α).
Proof. Let G be a graph on Σ that cuts it into a disc and has n(α) intersections with α. By lemma 9 there is a family of disjoint embedded curves λ 1 , λ 2 , ..., λ r that cut Σ into a surface Σ ′ and a family of disjoint embedded arcs µ 1 , µ 2 , ..., µ s that cut Σ ′ into a disc, so that |α ∩ ( λ i ∪ µ j )| ≤ 2|α ∩ G|. If α does not cross the λ i 's then α is a closed curve on Σ ′ and we can find a covering Σ ′ of Σ ′ to which α lifts as an embedded curve as in lemma 7. If for each λ j , the two curves λ ′ j and λ ′′ j in ∂Σ ′ have the same number of preimages of each degree in Σ ′ , then we can identify them to get a covering of Σ to which α lifts as an embedding. There is no reason to expect that this will always happen, but we can take an automorphism φ of Σ ′ that interchanges each λ 
has the same number of preimages of each degree for each λ ′ j and λ ′′ j , and therefore we can glue them along their boundaries to get a covering of Σ to which α lifts as a closed embedded curve. The degree of this covering is at most 2|α ∩ µ j | = 4|α i ∩ G| = 4n(α).
If α crosses some λ i 's then these split α into a collection of arcs α 1 , α 2 , ... in Σ ′ . By lemma 10, for each α i that is not homotopic into the boundary of Σ ′ there is a covering Σ ′ i of Σ ′ of degree at most |α i ∩ ∪µ j | + 2 to which α i lifts as an embedded arc α i satisfying condition (*).
If some α i is homotopic to an arc in the boundary of Σ ′ , there are no coverings of Σ ′ to which α i lifts starting and ending at different boundary curves, so we need to modify the previous construction.
Consider a maximal sequence of arcs α s α s+1 ...α s ′ of α that can be homotoped to some λ u , then a subarc a of α that starts just before α s and ends just after α s is homotopic, fixing its endpoints, to an arc a ′ in a neighbourhood of λ u that crosses λ u at most once. As α has minimal self-intersections, the homotopy can be done by a sequence of bigon and triangle moves with λ u and the adjacent µ j 's, so the number of self-intersections of α does not change. The homotopy reduces the number of intersections of α with λ u by at least 2, but it can increase the number of intersections with the µ j 's even more, as can be seen in figure 11:
Let α ′ be the image of α after the homotopy, then the homotopy reduces the sequence of arcs α s−1 α s α s+1 ...α s ′ α s ′ +1 to one formed by two arcs α In the second case, the subarc a of α is made of a loop representing some power λ e u and two simple arcs, and the same is true for the homotopic arc a ′ of α ′ that lies in a neighbourhood of λ u . So a crosses the union of the µ j 's and λ t at least n times. a ′ may cross the union of µ j 's many more times, but we can assume that a ′ crosses them in a sequence that follows the sequence of crossings of λ u with the µ j 's on that side of λ u , crossing each of them at most t + 1 times. By the remark after lemma 7, to lift α ′ s as an embedding it is not necessary to go up at all the crossings of a ′ with µ j 's, one can just go up at the first µ j crossed by a ′ and every time that a ′′ crosses it, and then go up at the last µ j crossed by a ′ , so α Now, glue the coverings Σ ′ i corresponding to the arcs α i along the boundary curves where the liftings of the arcs start and end, so α lifts to a closed embedded curve. The rest of the boundary curves of the Σ ′ i still need to be paired with other curves to obtain a covering of Σ. As mentioned before, this can be done if for each λ j , the two curves λ ′ j and λ ′′ j in ∂Σ ′ have the same number of preimages of each degree in ⊔Σ ′ i . If this does not happen, we can double the Σ i 's with different number of preimages (as we did in the case when α didn't cross the λ i 's) to guarantee that the pairing can be done.
To estimate the degree of the covering, observe that the arcs α 1 , α 2 , ... in Σ ′ whose union is α can be divided in two classes: 'long' α i 's corresponding to the arcs of α cut by the subgraph G ′ , and 'short' α i 's where α crosses N (G ′ ). The long α i 's contain all the intersections of α with the µ j 's, and the short α i 's are simple and connect different boundary curves of Σ ′ . The coverings Σ i for the short α i 's are trivial and there is no need to double them, the coverings Σ i for the long α i 's have degree |α i ∩ µ j | + 2 and may have to be doubled. If S is the set of indices corresponding to short α i 's and L is the set of indices corresponding to long α i 's, then |S| < |α ∩ G ′ | and |L| = |α ∩ G ′ | and the total degree of the covering is at most i∈S 1 + 2 i∈L |α i ∩ µ j | + 2 < |α ∩ G ′ | + 2(2|α ∩ (G − G ′ )| + 2|α ∩ G ′ |) ≤ 5|α ∩ G| = 5n(α).
The previous bound does not appear to be optimal, we conjecture that d(α) < 2n(α).
Example. If a curve α is formed by two subloops x n and y, where x and y are simple, disjoint and non-separating, then n(α) = n + 1 and d(α) ≥ n + 1 so d(α) ≥ n(α). If x is separating then n(α) = n + 1, and we believe, but cannot prove, that d(α) = 2n − 1.
Recall that r(α) is the minimum degree of a covering of Σ to which α does not lift as a closed curve, so r(α) is the index of the largest subgroup of π 1 (Σ) that does not contain an element in the conjugacy class of α. One would expect (as it is often the case) that r(α) < d(α), but the following example shows that this is not always true.
Example. A curve α with r(α) > d(α). The curve α in figure 12 represents the conjugacy class of abab −1 in π 1 (Σ). As α is 0 in H 1 (Σ, Z 2 ) then α lifts to all the double coverings of Σ, therefore r(α) > 2. As α lifts as an embedding to the double covering obtained by cutting Σ along the dotted curve, d(α) = 2. Proof. We can assume that α has minimal self-intersections because if a curve lifts to a covering of Σ then all the free homotopies of the curve lift to that covering. To prove (1) cut Σ into a polygonal disc D that is crossed by α along n(α) arcs. Then H 1 (Σ) is generated by curves that cross D along one path connecting corresponding sides of D. As α has minimal self-intersections, the arcs of α∩D are simple and cross each other in at most 1 point, therefore each pair of corresponding sides of D is connected by a path in D that crosses each arc of α∩D at most once. These paths give generators h 1 , h 2 , ... for H 1 (Σ) such that |h i ∩ α| ≤ n(α) for each h i . If To prove (2) and (3) observe that in the constructions in proposition 8 and in theorem 11, instead of gluing the coverings of Σ| ∪λi where the arcs α 1 , α 2 , ... lift as embeddings satisfying condition (*) cyclically to close α, we can insert an extra copy of Σ| ∪λi at the end so that α does nor close up and becomes an embedded arc.
